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Abstract: 

Using the previous obtained universal .R-matrix for the quantized nontwisted affine Lie algebras 
Ug(A^) and U q (A^), we determine the explicitly spectral-dependent universal i?-matrix for the 
corresponding quantum Lie algebras U q {Ai) and U q (A2). As their applications, we reproduce 
the well-known results in the fundamental representations and we also derive an extreamly 
explicit formula of the spectral-dependent i?-matrix for the adjoint representation of U q (A2), 
the simplest non-trival case when the tensor product decomposition of the representation with 
itself has finite multiplicity. 
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1. Introduction: In this Letter, we present two main results: (i) the universal i?-matrix for 
quantum Lie algebras U q {A\) and U q {A2) with explicit spectral parameter dependence; (ii) an 
extreamely explicit formula for the spectral-dependent i?-matrix in the adjoint representation of 
U q (A2), the simplest nontrival case when the tensor product decomposition of the representation 
with itself has finite multiplicity. 

Since their invention, quantum algebras 0] Q || have been employed, as a main technique, 
to find spectral parameter dependent solution to quantum Yang-Baxter equation (QYBE) (that 
is spectral-dependent i2-matrix). Two conventional approaches to this effect in literatures may 
be viewed as the following two seemingly different but essentially related "Yang-Baxterization" 
processes: (i) one starts from a quantum simple Lie algebra, affinizes it, thus giving rise to the 
Jimbo equations, and then solves the Jimbo equations f2|||; (ii) one starts with some braid 
group representation of a quantum simple Lie algebra and then tries to introduce a spectral 
parameter in such a way that the spectral-dependent QYBE is satisfied The "abelian 
Yang-Baxterization", where the tensor product decomposition of representation with itself is 
multiplicity-free, is extensively studied in literatures for lower representations. For higher rep- 
resentations, the "fusion" procedure is suggested which is not, however, easily workable. As to 
"non-abelian Yang-Baxterization" in which the tensor product decomposition of representation 
with itself has finite multiplicity, very few attempt has currently been made, due to conceivable 
complexities caused by the appearance of finite multiplicity. Therefore, it seems desirable to 
develop more effective procedures to cope with the situations. 

In this Letter we will present a new way of obtaining spectral-dependent i?-matrix for quan- 
tum Lie algebras. Our idea reverses, in some sense, the above process. Namely, we start 
from the universal R-m&trix of quantum affine Lie lagebra U q (G^) and then apply it to finite- 
dimensional loop representations V(z) of U q (Q^), which is isomorphic to the ones V(&C(z, z^ 1 ) 
of the corresponding quantum simple Lie algebra U q {Q). In this way, a spectral parameter ap- 
pears automatically and we obtain the spectral-dependent solution to QYBE for the latter. A 
remarkable advantage lying this approach is that both the case of multiplicit-free and the case 
with finite mulitiplicity can be treated in a unified fashion. As a matter of fact, we are able 
to get a spectral-dependent universal form of i?-matrix for U q {A\) and U q {A2), regardless of 
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representations and multiplicites considered. Applying to some concrete representations, we are 
able to reproduce the well-known results in the fundamental representation and to obtain an 
extremly explicit formula for i?-matrix of U q (A2) for the adjoint representation. 

2. Universal i?-Matrix for U q (Ai) and U q {A^): For self-contained, this section is devoted 
to a brief and quick review of the construction of the universal i?-matrix for U q (Ai) @ and 
for U q {A^2 ) HQ- Throughout the paper, we use the notations: (a.& q x a )xp=[x a , xp]=x a xp — 
qW)xpx a , 6{q h ) = q~ h , 9(Ei) = F % , 0{F$ = E i » %) = q~ X , (n) q = (l-q n )/(l-q) , [n] q = 
(? n -?-")/(? -g" 1 ), q a = q {a ' a K ex P(? (x) = En>o (ft , (p) q l = (n) q {n - l) q ... (1),. 

We start with rank 2 case. Fix the normal ordering in the positive root system A + of A^ : 
a, a + 5, a + n5, 5, 25, m5, (5 — a) + 15, ■■■ , 5 — a , where a , 5 — a are 

simple roots and 5 is the minimal positive imaginary root. One has j|] the universal i?-matrix 
for U q (A^): 

R = ijj ex Pg Q ((<7 - <T l ){ E a+n8 ® F a+n5 )) 
\n>0 

•exp "NfeCfc ~ la^iEnS ® Fns) ) 

\n>0 / 

e Wqa ((q - q- l )(E (s _ a)+nS ® F {s _ a)+nS )) j • (l) 

v n>0 / 

where c = h a + hs- a and the Cartan-Weyl generators, i£ 7 , F 7 = O(E^) , 7 € A + , are given by: 
Eg = [(a, a)] q 1 [E a , Es- a ]q , E a+n s = (—1)™ (adE^) E a , E(g_ a ) +nS = (ad£^ Es~ a , E n $ = 
[(a,a)] q l [E a+ijl _ 1)s , E S - a ] q and 

E nS = E ~ 1 T (^r(^r-(^F n (2) 

pi+2p 2 + -+np n =n Pl-—Pn- 



Pl\ ... p n l 

The order in the product (|l|) concides with the above chosen normal order. 



We now consider rank 3 case. Fix the order in positive root system A + of A 2 '■ a, a + 5, 
a + mi5, a + f3, a + (3 + 5, ■ ■ ■, a + /3 + m 2 5, (3, f3 + 5, ■ ■ ■, f3 + m 3 <5, 5, 
25,..., k5, ■■■ (5-(3) + h5, 5-/3, (5-a) + l 2 5, 5-a, (5-a- {3) + l 3 5, 
■ ■ ■, 5 — a — (3, where rrii, k,k > , i = 1,2,3. Then one can show ||[f?J (see, in particular, [Q]) 
that the universal i?-matrix for U q (A^) takes the explicit form 



R = J] ex^Jiq-q-^E 



n>0 



n>0 



n>0 



•exp E £ cSfeXff-?- 1 )^®^) 

\n>0ij=l 

II eX Pg^ {(l ~ <l~ l )( E {6-f3)+ri5 ® *(«-0)+frf)) 



n>0 



' II eX Pg Q ((9-5 1 )(^(5-a)+n«5 ® ^(5-a)+n<5, 
n>0 

-a-/3)+n<5 ® -^(5-Q-/3)+n(5) ) 

t>0 

53{ =1 (a^m) lJ ^i ( X'^i+ciX><i+rf'X'c 



n>0 
^2 



(3) 



where c = h$ + with ip = a + f3 being the highest root of A% and (a^ m ) 



-1^ 



1 2 



n 



[2] 



[n], g 2n + 1 + q- 



2 1 1 



+ q- n (-1) 



ir 1 



V 



(4) 



-l) n q n + q- n 

and the Cartan-Weyl generators, £7 7 , F 7 = 9{E 1 ) , 7 G A+, are given by (014 = a, (3, a + 



below) : E a+ p — [E a , Ep] q , -E^-a — [Ep , i^-a-^ , E$-p — [E a , Es- a -p]q , E^ 
[(auai)]- 1 ^, E s _ ai ] q , E ai+n& = (-1)" (ad^ )" E^ , E s _ ai+nS = (adE^Y E s _ 

> ^ni = M^ai+(n-l)<5> £tf-ajg and 

/ _(oi,Oi) _ -(a i ,Q i )\SiP l 1 



E 



(0 = V 
n<5 / v 

pi+2p 2 H \-np n =n 



(0\p 2 fpMvPn 



Pi\ ... p n ! 



(5) 



The order in the product of (^) concides with the above defined order. 



3. Universal i?-matrix with Spectral Parameter: We come to our main concerns in this 
Letter. We only list our results and details will be published elsewhere ||. 

It can be shown that for any z € C x , there is a homomorphism of algebras ev z : U q (Ai) — > 
U q (Ai) given by: ev z (E a ) = E a , ev z (F Q ) = F a , ev z (h a ) = h a , ev z (c) = 0, ev z (E S - a ) = 
zF a , ev z (Fs_ a ) = z~ 1 E a , ev z (h$_ a ) = —h a . Then from eq.(|l]) one obtains the spectral- 
dependent universal i?-matrix, R(x,y) = (ev x ® ev y )R, for U q (A{) : 

R(x,y) = Y[e Wg J(q-q- 1 )(-) n (q~ nh -E a ^F a q nh ")) 

n>0 ^ ' ' 
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•exp [J2 n[n]-i(q a - g" 1 ) (jYiKs ® Ks)) 

\n>0 / / 

• n exp fc ( {q - q- 1 ) f-V^ (F a q~ nh - ® <f^£ Q ) J • g^®*- (6) 



n>0 

where and F' s are determined by the following equalities of formal power series: 

oo / CO \ 

! + (?«- 9a 1 ) E = exp (g a - g" 1 ) £ 

k=l \ 1=1 ) 

oo / OO \ 

!"(?«- 9a 1 ) E P kS U ~ k = eX P "(fe " E *W U ~' ( 7 ) 

fc=i V 1=1 ) 

in which E' nS = [2]- 1 (-l)"- 1 g-("- 1 )^ (E a F a - q~ 2n F a E a ) , F' n& = 6(E' n5 ). 

We now apply @ to V1/2 ® ^1/2 > where Fx/2 is the fundamental representation of J7 9 (.Ai). 
One can show that in this case 

Cq~ Cy — x) 1 — q~ ^ \ 
en + e 44 H o - ( e22 + e33 ) H 2~(3/e 2 3 + ze 32 ) (8) 
y — g 2 x y — q A x J 

where (and below) is the matrix satisfying (eij)ki = 5ik$ji and 

We thus reproduce the well-known result Q, up to the scalar factor f q (x, y). In || KT obtained 
(D directly from (|TJ) . 

We then turn to [^(yl^' 1 )- I n this case, one may show that for any z £ C x , there is a 
homomorphism of algebras ev 2 : {7 g (A^) — > f7 9 (A 2 ) given by: ev z (E a ) = E a , ev^(i ? Q ,) = 
F a , ev z (h a ) = h a , ev z (Ep) = Ep , ev z (F /3 ) = i^g , ev z (hp) = fyg , ev z (E S -. a _p) = 
zF a+ pq^- h ^ , ev^Fi-^) = z" 1 ^^-^)/ 3 ^ , ev z (h 5 _ a _ p ) = -h a+p , ev,(c) = 0. 
Thus, from eq.(||) one is able to deduce the explicitly spectral-dependent universal i?-matrix for 
U g (A 2 ), R(x,y) = (ev x ® ev y )R, given by 

R(x,y) = 11 exp gQ ((q - q' 1 ) (-Y (f ^{""P^W <g> q n(h a +2f3)/3 p aq nh c 



n>0 



n>0 ^ 



n>0 



■^P E E we* - t 1 ) ( £ ) (<? ® ^ 



in>0 i,j=l 



iS 



x\ n+1 



■ n exp^ Uq - q- 1 ) - {E{ s _ p)+n5 ® F{s-/3)+n8 
n>0 ^ Vy/ 



II ex P 9 . ( (« - (-) " [q^ n+1 ^ +2h ^ 3 F a q' nh - ® ^^ Q(7 («+D(^+2^)/3) j 

n>o \ vy/ v / 

II ex Pfe+ , ((ff-g" 1 ) ( g («+ 1 )(^-^)/ 3 J P Q+/3 g-^ 

n>0 V ^ y ' 

® ^+^ Q+/3(? («+ 1 )(^-^)/ 3 )) • gEUl (10) 



where 

= (-l) n [2] 9 - n g n {(adV^) n %}^- M/a 

= [2]-^- {(ad'^)" (adV^a)^} q^h'^/s 
F{s-p )+ n5 = {-lT[2]-^^- h ^ (ad^» (ad' 92 £ Q+/3 )F a (11) 

£ = (ad / g -i J E /3 )(ad / (? -2 J B a )F a+ ^ , F = (ad , g (ad / g 2 J E Q+/3 )F Q )F /3 and (ad'g.4) ■ B = AB - QBA 

; E^g and Fjp are determined by the equalities of formal series: (aj = a, (3) 

00 / 00 \ 

1 + (fa, - <£) E = ex P (g ai - g" 1 ) E E 'i6 ] u l 

k=l \ 1=1 / 

00 / 00 \ 

1 - - o e ^i^ _fc = ^ -(^ - ^- ) e (12) 



fc=i \ 1=1 



in which 



= ( — l) n ~ 1 [2]~ 1 (E a F a - q -2n FaEa } q -(n-l)h aq -n(h a +2h )/3 



(h/3-h a )/3 



F n5 a) = {-ly- 1 ^)- 1 q^ n -^ ha q< ha+2h ^l z {F a E a - q 2n E a F a 
ET = (-l)"[2]-"^- 2 |(ad' g -„ +2 r) • (Bd' q -,£) n ~ l E^q n 
F nP = [2]- n q n - l q< h «- h M* (adV^af ) • (ad'^)^ 1 F p 
£' = E a+ pF a — q 2 F a E a+ p , J 7 ' = E a F a+/3 — q~ 2 F a+j3 E a (13) 

We apply fll0| ) to V(3) ® in which V( 3 \ denotes the fundamental representation of U q {A2). 
One can show that ( |l0|) gives rise to 

C, — x) 
en + e 55 + e 99 H _ 2 (e 2 2 + e 3 3 + e 4 4 + e m + e 77 + e 88 )+ 
y q x 

v (l _ 0-2) x (i _ Q -2\ \ 

+— 1 T^( e 24 + e 37 + e 68 ) + — V^(e 42 + e 73 + e 86 ) (14) 

y — q L x y — q z x / 



where 



Jin 



-2n 



f q {x, y) = q 2 ' 3 ■ exp ( £ J n + 1 + q -2n 



{x/y) n 



\n>0 



n 



(15) 



Eq.(|l4|) is nothing but the well-known result |2|, up to the scalar factor f q (x,y). 

We then apply (|l0|) to a very interesting case: V( 8 ) <8 V(a\ , where V(g\ stands for the adjoint 
representation of U q (A2). This is simplest nontrivial example where the tensor product decom- 
position is with finite multiplicity. It can be shown that spectral-dependent i?-matrix for the 
adjoint representation takes the following compact and explicit form, 



fl(B),(8) ( x , V) 



jl + (q - q- 1 ) £ (J) {E' a+n5 ® F' a+n5 ) + y 2 f(e 36 ® e 63 )| 
1 + (q ~ Q' 1 ) E ( ~ ) (K+/3+n<S ® ^+/3+n<s) + V 2 f^ ® e 8 i) 



n=0 

00 



l n=0 Vy/ 

• {imaginary root vectors contribution} 

' x 



n=0 Vy 



n=0 
00 



n+l 



l + (9-9 _1 )E ^ 



n+l 



S-f3)+n5 w z (5-/3)+n<5 



+ x 2 g'(e 72 <8 e 2 7) 



i 7 /^ ) + x 2 g(ee3 <8 e^e) 



(S-a-f3)+nS » ^ (5-a-/3)+n<5 ^ + x #( e 81 <8 ei 8 ) 

r § 

• < q 2 22 (1 - 5 i4 - fe)(eii (8) e^) + (en ® e 2 2 + en (8) e 33 + e 22 ® e 66 + 

I 8=1 

+ e 33 <8 e 77 + e 66 ® e 88 + e 77 ® e 88 + {^}) + g -1 (en (8) e 66 + en <g> e 77 + 



+e 22 <8 e 33 + e 22 <8 e 88 + e 33 <8 e 88 + e 66 (8 e 77 + {^}) + 



+9 (en 



+ e 22 (8 e 77 + e 33 (8 e 66 + 



{-})} 



(16) 



where f = [2} q q 1 (q-q l f (y+q 4 x)/{(y 2 -x 2 )(y-q 2 x)}, g = [2] g q 1 (q-q l ) 2 (y+q 2 x)/{(y 2 - 
x 2 )(y - q- 2 x)}, f = [2]- 2 (q - q- l ) 2 (y 2 - x 2 )-\q- 1 [2]l + F(q; x, y)), g' = [2)-\q - q" 1 ) 2 ^ 2 - 



x 2 )- L (q- L [2Y q + F(q- l ;x,y)), F(q,x,y) = q- 4 x/(y - q^x) + 2[3} q x/(y - x) + [3} 2 q*x/(y - 
q x), and "{<->}" denotes the interchange to X ® Y of the quantities within the same bracket; 



K + n5 = ("If {q- 2n ei2 + [2]i/ V 2 "e 34 + [2]fe 46 + e 78 } 
K + n5 = ("I)" {q 2n e 2 i + [2]yV n e 43 + [2]f e 64 + e 87 } 



E' 



a+P+nS 



-ir{-[2]- 



1/2 -2n-2 



eu + 



M q ) 1/2 q' 2n eiB 



q e 26 + 



+ q- 2n e 37 + p]- 1 ^ - ([3] ? /[2] ? ) 1/2 g-^ss } 
^ +/3+ „ 5 = ("I)" {-[2] 9 - 1/2 9 2 " +2 e 4 i + ([3UI2],) 1 / 2 q 2n e 51 - qe 62 + 
+ q 2n e 73 + [2]- 1 / 2 g- 1 e 84 - ([3],/ [2], J 1 / 2 ge85 } 
= 9"e 13 + [2]- 1 / 2 g"e 24 + ([3],/[2],)V 2 g-^^g + 
+ [2]- 1 / V 3ri e 47 + ([3] 9 /[2],) 1/2 g n e 57 + q~ 3n e 68 
F'p +n s = q- n esi + [2]- 1/2 <r"e 42 + ([3],/ [2], J 1 / 2 ^e 52 + 

+ [2]-V2^3n e74 + ([3 ] (? /[2] 9 ) 1 /2 g -n e75 + ^ 

Jfy-/»+n* = "9 n+2 e 3 i - [2]~ 1/2 ^ +3 e 42 - ([3] g /[2] <? ) 1 / 2 r 3 ^ 1 e 52 

- [2]-VV3n-3 ey4 - ([3] ? /[2],)V^n + l e75 _ 
^-/3) + n 6 = ^13 " [2]-VVn-3 e24 - ([3] 9 / [2],) 1 / V^l^ 

- [2]-V^3n + 3 e47 _ ([3 y [2]^ g -n-l £57 _ 

E{s- a)+ nS = ("I)" {'?- 2n - 1 e 2 i + [2]y 2 g- 2n e 43 + [2]V 2 e 64 + ge 87 } 
F{s- a)+nS = ("l) n {? 2 " +1 ei 2 + [2]yV"e 34 + [2]y 2 e 46 + g" 1 ^} 
Jfy-a-fl+n, = (-1)" {-[2]7 1/2 9" 2ri+2 e4i + ([SUPU^V 2 ^ - g 2 e 62 

+ (T^era + [2]- 1/2 g- 1 e 84 - ([3] 9 /[2],) 1/2 ge 85 } 
F[ 5 - a - P)+n& = ("l) n {-[2]^ 1/2 g 2 "- 2 ei 4 + ([3] ff / [2],) 1 /* q 2n e 15 - q~ 2 e 26 + 

+ q 2n+1 e 37 + [2]-V2 ge48 _ ([3J./I2],) 1 / 2 q'^} 

8 

{imaginary root vectors contribution} = a ja ^ (l + (b/b' — l)5j 4 + (c/c' — l)<5js) (e^ <g e^) + 

i=i 

+ a'(en g e 22 + en <g e 33 ) + aa'(en <g> e 44 ) + a'c(en (g e 55 ) + a(en (g e 66 ) + 

+ aa'c(en <g> e 77 ) + ac(en (g ess) + l/a(e 22 (g en) + l/6'(e 22 (g e 33 ) + 

+ a'/b'(e 22 (g e 44 ) + a'c(e 22 (g e 55 ) + a'(e 22 (g e 66 ) + aa'c/b'(e 22 (g e7 7 ) + 

+ aa'c(e 22 (g e 8 s) + l/a(e 33 <g en) + 6(e 33 (g e 22 ) + a'6(e 33 (g e 44 ) + 

+ a6(e 33 (g e 6 6) + a'(e 33 (g e 77 ) + a(e 33 (g e 88 ) + l/(aa')(e 44 <g en) + 

+ 6/a(e 44 (g e 22 ) + l/(a6')(e 44 (g e 33 ) + a'6(e 44 (g e 6 6) + a'/&'(e 44 (g e 77 ) + 

+ aa'(e 44 (g e 88 ) + l/(ac')(e 55 (g en + e 55 <g e 22 ) + a'c(e 55 (g e 77 + e 55 (g e 88 ) + 

+ l/a'(e 6 6 <g en) + l/a(e 6 6 <g e 22 ) + 1/ (a'fe')(e 6 6 <g e 33 ) + l/(a6')(e 6 6 <g e 44 ) + 
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+ 1/b' (e 66 ® e 77 ) + a'(e 66 <g> e 88 ) + 1/ (aa'c')(e 77 <g> en) + 6/ (aa'c')(e 77 <g> e 2 2) + 

+ l/a(e 77 (8) e 33 ) + b/a(e 77 <g> e 44 ) + l/(oc')(e 77 <g> e 55 ) + 6(e 77 <g> e 66 ) + 

+ a'(e 77 ® e 88 ) + l/(a'c')(e 88 ® en) + 1/ (oaV)(e 88 <8> e 2 2) + l/a'(e 88 <g> e 33 ) + 

+ l/(aa')(e 88 <g> e 44 ) + l/(ac')(e 88 ® e 55 ) + l/a(e 88 (g) e 66 + e 88 <g> e 77 ) (17) 

in which we have defined a = (y — q 2 x) /(y — x) , a' = (y — q~ 2 x) /(y — x) , b = (y — q 4 x) /{y — 
q 2 x) , b' = (y — q~ 4 x)/(y — q~ 2 x) , c = (y — q e x)/(y — q A x) , c' = (y — q~ e x)/(y — q~ 4 x). We 
remark that ( |l6|) is an extreamly explicit formula: the sums in (|l6|) can be easily worked out. 
For compactness, we leave them as the present form. 

4. Concluding Remarks: In this letter, we have obtained the spectral-dependent universal R- 
matrix for U q (Ai) and U q {A2). As their applications, we reproduce from them some well-known 
results and obtain an extreamly explicit and compact formula for spectral-dependent i?-matrix 
in the adjoint representation of U q (A2). We believe that our results will be useful in: (i) one 
dimensional open spin chains B, (ii) quantization of the conformal affine Liouville (and Toda) 



theories |Cfl and (iii) ^-deformed WZNW CFT's |l|. 
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